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Gamma & Beta Functions 
 

Gamma Function 

 

Γ 𝑛 =  𝑒−𝑥𝑥𝑛−1𝑑𝑥

∞

0

, 𝑛 > 0 

Properties of Gamma Function 

Γ  
1

2
 =  𝜋 

Γ 𝑛 + 1 = 𝑛Γ 𝑛  
Γ 𝑛 + 1 = 𝑛!, Γ 1 = 1 

Γ 𝑎 Γ 1 − 𝑎 =
𝜋

sin 𝑎𝜋
, 0 < 𝑎 < 1 

 

 

 

Examples:  

𝐄𝐯𝐚𝐥𝐮𝐚𝐭𝐞  𝑥4𝑒
−𝑥

𝑥𝑛−1𝑑𝑥

∞

0

 

 𝑥4𝑒−𝑥𝑥𝑛−1𝑑𝑥

∞

0

=  𝑥5−1𝑒−𝑥𝑥𝑛−1𝑑𝑥 

∞

0

= Γ 5 = 4! = 24 

 

 

 

Proving that    Γ(1/2 ) = π 
 

Γ(1/2) =   0
∞
  x 

1/2-1
  e 

-x
 dx  = 0

∞
  x 

-1/2
 e 

-x
 dx   

 

Let y   = x 
½,   

x    = y
2,    

dx = 2y dy 

 

Γ(1/2) =  lim
B

  y 1  e – y^2 2y dy 
𝐵

0
   

 

            =  2 lim
B

   e – y^2  dy 
𝐵

0
  

             

            =2 (π  / 2 )  =  π   
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 0
∞
  x 

1/2
  e 

-x
 dx   =   0

∞
  x 

3/2-1
  e 

-x
 dx   =  Γ(3/2) 

 

3/2 =   ½  + 1 

 

Γ(3/2)  =   Γ(½+ 1)  =    ½   Γ(½ )   = ½ π 

 

 

 

Exercise  
 

Evaluate   0
∞
  x 

3/2
  e 

-x
 dx 

 
 

 

Example(3) 

 

Evaluate   0
∞
  x 

3/2
  e 

-x
 dx 

 

 0
∞
  x 

3/2
  e 

-x
 dx   =   0

∞
  x 

5/2-1
  e 

-x
 dx   =  Γ(5/2) 

 

5/2 =   3/2  + 1 

 

Γ(5/2)  =   Γ(3/2+ 1)  =    3/2   Γ(3/2 )   =   3/2 .  ½   Γ(½ )   =  3/2 . ½ . π   =    ¾ π    

 

 

 

Exercise  
 

Evaluate   0
∞
  x 

5/2
  e 

-x
 dx 

 
 

 

II. Beta Function 

 

B m, n =  𝑥𝑚−1 1 − 𝑥 𝑛−1𝑑𝑥

1

0

, 𝑚 > 0 & 𝑛 > 0 
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Results: 

1. B m, n = B n, m  

2. B m, n =
Γ 𝑚 Γ 𝑛 

Γ 𝑚+𝑛 
 

 

Results: 
 

(1)   B(m,n) =   Γ(m)  Γ(n)  /  Γ(m+ n)   

 

(2)   B(m,n) = B(n,m)  

 

(3)   0
π/2

  sin 
2m-1

x  .  cos 
2n-1

x  dx  =   Γ(m)  Γ(n)  /  2 Γ(m+ n)    ;  m>0  &  n>0 

 

 

(4)   0
∞
  x 

q-1
  /  (1+x)  . dx  =  Γq)  Γ(1-q)    =   Π / sin(qπ)    ;  0<q<1 

 

 

 

 

 

Examples: 
 

 

Example(1) 

 

Evaluate    0
1
 x

4
  (1 – x ) 

3
 dx   

 

Solution 
 

0
1
   x 

4
   (1 – x ) 

3
 dx  =   x 

5-1
   (1 – x ) 

4-1
 dx   

 

= B(5,4) = Γ(5)  Γ(4)  /  Γ(9)  = 4! . 3! / 8!  = 3!/(8.7.6.5) = 1/ (8.7.5) = 1/280 
 

 

 

Exercise  
 

Evaluate   0
1
 x

2
  (1 – x ) 

6
 dx   
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Example(2) 

 

Evaluate    I   =    0
1
   [  1  /   

3[x
2
 (1 – x )]    ] dx   

  

Solution  

I   =    0
1
   x 

-2/3 
   (1 – x ) 

-1/3 
 dx  =   0

1
   x 

1/3 - 1
   (1 – x ) 

2/3 - 1
 dx   

 

= B(1/3,2/3) =  Γ(1/3)  Γ(2/3)  /  Γ(1)  

 Γ(1/3)  Γ(2/3)  =   Γ(1/3)  Γ(1- 1/3)  = π /sin(π/3)  =    π / ( 3/2) = 2π / 3 

 

 

Exercise  
 

Evaluate    I   =    0
1
   [  1  /   

4[x
3
 (1 – x )]    ] dx   

 
 

 

Example(3) 

 

Evaluate    I   =    0
1
    x   .  (1 – x )   dx   

  

Solution  

 

I   =    0
1
   x 

1/2 
   (1 – x )

 
 dx  =   0

1
   x 

3/2 - 1
   (1 – x ) 

2 - 1
 dx   

 

= B(3/2 , 2) =  Γ(3/2)  Γ(2)  /  Γ(7/2)  

 

Γ(3/2) =  ½ π 

 

Γ(5/2)  =   Γ(3/2+ 1)  =    (3/2)   Γ(3/2 )   = (3/2) .  ½ π  = 3π  / 4 

 

Γ(7/2)  =   Γ(5/2+ 1)  =    (5/2)   Γ(5/2 )   = (5/2) .  (3π  / 4) = 15 π  / 8 

 

Thus, 

 

I   =    (½ π ) . 1!  /  (15 π  / 8)  = 4/15 
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Exercise  

 

Evaluate    I   =    0
1
    x

5
   .  (1 – x )

 
  dx   

 
 

 

 

 

 

 

 

 

II. Using Gamma Function to Evaluate Integrals 

 

 

Example(1) 
 

Evaluate:  I =   0
∞
  x 

6
  e 

-2x
 dx   

 

Solution: 

 

Letting   y  = 2x, we get 

 

I   =   (1/128) 0
∞
  y 

6
  e 

-y
 dy = (1/128)   Γ(7) = (1/128) 6!  = 45/8 

 

 

 

 

Example(2) 
 

Evaluate:  I =   0
∞
  x   e 

–x^3
 dx   

 

Solution: 

 

Letting   y  = x
3
   , we get 

 

I   =   (1/3) 0
∞
  y 

-1/2 
  e 

-y
 dy = (1/3)   Γ(1/2) = π / 3 
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Example(3) 
 

Evaluate:  I =   0
∞
  x

m
   e 

– k x^n
 dx   

 

Solution: 

 

Letting   y  = k x
n
   , we get 

 

I   =   [ 1 / ( n . k 
(m+1)/n

) ]  0
∞
  y 

[(m+1)/n – 1] 
  e 

-y
 dy = [ 1 / ( n . k 

(m+1)/n
) ]  Γ[(m+1)/n ] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

II. Using Beta Function to Evaluate Integrals 
 

 

Formulas 
 

(1)  0
1
  x 

m-1
  (1 – x ) 

n-1
 dx  =  B(m,n) =  Γ(m)  Γ(n)  /  2 Γ(m+ n)    ;   m > 0  &  n > 0 

 

 

(3)   0
π/2

  sin 
2m-1

x  .  cos 
2n-1

x  dx  =   (1/2) B(m,n)        ;  m>0  &  n>0 

 

 

(4)   0
∞
  x 

q-1
  /  (1+x)  . dx  =  Γ(q)  Γ(1-q)    =   Π / sin(qπ)    ;  0 < q < 1 

 

 

 

 

 

 

Using Formula (1) 
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Example(1) 
 

Evaluate:  I =  0
2
  x

2  
 / (2 – x )   . dx  

 

Solution: 

 

Letting   x  = 2y, we get 

 

I   =   (8/2) 0
1
  y 

2
  (1 – y ) 

-1/2
  dy =  (8/2) . B(3 , 1/2 ) = 642 /15 

 

 

Example(2) 
 

Evaluate:  I =  0
a
  x

4  
  (a

2
 – x

2
 )   . dx  

 

Solution: 

 

Letting   x
2
  = a

2
 y , we get 

 

I   =   (a
6
  / 2) 0

1
  y 

3/2
  (1 – y )

1/2
  dy =  (a

6
  / 2) .  B(5/2 , 3/2 ) =  a

6
  /3 2 

 

 

 

 

 

Exercise 
 

Evaluate:  I =  0
2
 x

  
  (8 – x

3
 )   . dx  

 

Hint 

 

Lett   x
3
  = 8y  

 

Answer 

 

I =  (8/3) 0
1
  y

-1/3   
   (1 – y )

 1/3
   . dy = (8/3) B(2/3 , 4/3 ) =  16 π / ( 9 3 ) 

 

 

 

Using Formula (3) 
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Example(3) 
 

Evaluate:  I =  0
∞
  dx  /  ( 1+x

4
 )   

 

Solution: 

 

Letting   x
4
  =  y , we get 

 

I   =   (1 / 4) 0
∞
  y 

-3/4
  dy   /   (1 + y )  =  (1 / 4) .  Γ (1/4) . Γ (1  -  1/4 ) 

=  (1/4) . [ π  /  sin ( ¼ . π  )  ]  =  π 2  /  4 

 

Using Formula (2) 

 

Example(4) 
 

a. Evaluate:  I =  0
π/2

  sin 
3
  .  cos 

2
x  dx  

 

b. Evaluate:  I =  0
π/2

  sin 
4
  .  cos 

5
x  dx 

 

 

Solution: 

a. Notice that:  2m - 1 = 3  →  m = 2    &   2n - 1 = 2  →  m = 3/ 2     

 I   =   (1 / 2)  B( 2 , 3/2 ) = 8/15       

 

b. I   =   (1 / 2)  B( 5/2 , 3 ) = 8 /315 

 

Example(5) 
 

a. Evaluate:  I =  0
π/2

  sin
6
  dx  

 

b. Evaluate:  I =  0
π/2

  cos
6
x  dx 

 

 

Solution: 

a. Notice that:  2m - 1 = 6  →  m = 7/2    &   2n - 1 = 0  →  m = 1/ 2     
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 I   =   (1 / 2)  B( 7/2 , 1/2 ) = 5π /32       

 

b. I   =   (1 / 2)  B( 1/2 , 7/2 ) = 5π /32       
 

 

Example(6) 
 

a. Evaluate:  I =  0
π
  cos

4
x  dx 

 

 

b. Evaluate:  I =  0
2π

  sin
8
  dx  

 
 

 

Solution: 

a.  I =  0
π
  cos

4
x  =  2  0

π/2
  cos

4
x  = 2 (1/2) B (1/2 , 5/2 ) = 3π / 8 

 

b. I   =   I =  0
π
  sin

8
x  =  4  0

π/2
  sin

8
x  = 4 (1/2) B (9/2 , 1/2 ) = 35π / 64 

     

 

Details 
 

I. 

Example(1) 
 

Evaluate:  I =   0
∞
  x 

6
  e 

-2x
 dx   

 x = y/2 

x 
6
  = y 

6
 /64    

dx = (1/2)dy 
x 

6
  e 

-2x
 dx  =  y 

6
 /64   e 

–y
  . (1/2)dy 

 

Example(2) 
 

I =   0
∞
  x   e 

–x^3
 dx  x=y

1/3
 

x= y
1/6

 

 dx=(1/3)y
-2/3

 dy 
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x   e 
–x^3

 dx  = y
1/6

 e 
–y

 . (1/3)y
-2/3

 dy 
 

 

 

Example(3) 
 

Evaluate:  I =   0
∞
  x

m
   e 

– k x^n
 dx   

y  = k x
n
    

x  = y
1/n

 /  k
1/n

     

x
m

 = y
m/n

 /  k
m/n

     

dx = (1/n) y
(1/n-1)

 /  k
1/n

    dy   

x
m
   e 

– k x^n
 dx  = ( ym/n

 /  k
m/n

  ) . e 
– y

 . (1/n) y
(1/n-1)

 /  k
1/n

    dy 

m/n  +  1/n  –  1 = (m+1)/n  -  1 

-m/n  –  1/n = - (m+1)/n 

I   =   [ 1 / ( n . k 
(m+1)/n

) ]  0
∞
  y 

[(m+1)/n – 1] 
  e 

-y
 dy 

 

 
 

II. Example(1) 
 

 

Example(1) 
 

I =  0
2
  x

2  
 / (2 – x )   . dx  

  x  = 2y 

dx=2dy 

x
2
 = 4 y

2
 

(2 – x )   = (2 – 2y )  =2    (1 – y )    

x
2  

 / (2 – x )   . dx  =  4 y
2
  /  2    (1 – y )    2dy 

y=0 when x=0  

y=1 when x=2 

 

 

 

 

 

Example(2) 
 

Evaluate:  I =  0
a
  x

4  
  (a

2
 – x

2
 )   . dx  
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 x
2
  = a

2
 y , we get 

x
4
 = a

4
 y

2
 

x= a y
1/2

 

dx= (1/2)a y
-1/2

 dy 

 (a
2
 – x

2
 )   =  (a

2
 – a

2
 y )   = a (1 – y )

1/2
   

  x
4  

  (a
2
 – x

2
 )   . dx =    a

4
 y

2
  a (1 – y )

1/2
  (1/2)a y

-1/2
 dy 

y=0 when x=0  

y=1 when x=a 

 

 

Example(3) 
 

I =  0
∞
  dx  /  ( 1+x

4
 )   

x
4
  =  y  

x=y
1/4

 

dy= (1/4) y
-3/4

  dy 

dx  /  ( 1+x
4
 )    =   (1 / 4)  y 

-3/4
  dy   /   (1 + y )   

 
 

 

Proofs of formulas (2) & (3) 
 

 

Formula (2) 
   

We have,  

 

B(m,n) =   0
1
  x 

m-1
  (1 – x ) 

n-1
 dx   

 

Let x = sin
2
y 

Then dy = 2 sinx  cox dx  

 

& 

x 
m-1

  (1 – x ) 
n-1

 dx   = (sin
2
y)

 m-1
  ( cos

2
y )

 n-1
   ( dy  / 2 sinx  cox  ) 

           

                                   =  2 sin 
2m-1

y .  cos 
2n-1

y  dy 
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When x=0 , we have  y = 0 

When x=1, we hae  y = π/2 

 

Thus, 

 

I = 2  0
π/2

  sin 
2m-1

y .  cos 
2n-1

y  dy 
  
I  =  0

π/2
  sin 

2m-1
y .  cos 

2n-1
y  dy  =  B(m,n) / 2 

 
 

Formula (3) 

 
We have, 

 

  I = 0
∞
  x 

q-1
  /  (1+x)  dx 

 

Let  
y =   x / (1+x) 

 
 Hence, x  =   y / 1-y  

 

, 1 + x  =  1  + (y / 1-y)  =  1/(1-y) 

 

&   dx  = - [ (1- y) – y(-1)]  /  (1-y)
2  

  . dy=  1 / (1-y)
2  

  . dy 

 

 whn x = 0 ,   we have y = 0 

 when x→∞ ,  we have y =  lim x→∞ x / (1+x)  = 1  

 

Thus,  

 

I =  0
∞
 [ x 

q-1
  /  (1+x) ] dx =  0

∞
 [ ( y / 1-y ) 

q-1
  /  (1/(1-y)) ]   . 1 / (1-y)

2  
  . dy 

 

=  0
1
 [ y  

q-1
  / (1-y)

 -q
  ]  dy 

 

 

=  B(q , 1-q)  = Γ(q)  Γ(1-q)     
 

 

Proving that    Γ(1/2 ) = π 
 

Γ(1/2) =   0
∞
  x 

1/2-1
  e 

-x
 dx  = 0

∞
  x 

-1/2
 e 

-x
 dx   
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Let y   = x 
½,   

x    = y
2,    

dx = 2y dy 

 

Γ(1/2) =  lim
B

  y 1  e – y^2 2y dy 
𝐵

0
   

 

            =  2 lim
B

   e – y^2  dy 
𝐵

0
  

             

            =2 (π  / 2 )  =  π   


