Gamma & Beta Functions

Gamma Function

[0¢]

r'(n) = f e *x" ldx,n>0

0
Properties of Gamma Function

-
'n+1) =nl'(n)

F(n+1)=n,T(1)=1
'(a)IT(1—a)= ,0<a<1

sinan

Examples:

Evaluate j xte “x" ldx
0

[00]

j xte ™ x"ldx = j x> le*x" ldx =T(5) = 4! = 24
0 0

Proving that r(1/2)=+n
T(1/2) = of” x¥t e™dx =of” x ¥2e *dx

Lety =X " x :yz’ dx =2y dy

B
FA2)= |im Jyy*e-y 22ydy

B
=20im [, e-y"2 dy

B

=2(rn /2)=+n




of” x¥ e™dx = of” x¥*t e™dx = I'(3/2)
32= % +1

T@32) = TW+1) = % (%) =% n

Exercise

Evaluate of” x ¥ e ™ dx

Example(3)

Evaluate of” x ¥ e ™ dx

o7 x¥eXdx = of” x** eXdx = I[(5/2)
52 = 3/2 +1

I(/2) = T(32+1) = 3/2 T(32) = 312. % T(%) =32.%.vyn = %n

Exercise

Evaluate of” x %% e ™ dx

1. Beta Function

1

B(m,n) = fxm‘l(l —x) " ldx,m>0&n>0
0




Results:
1. B(m,n) = B(n,m)

I'(m)I'(n)
2. B(m,n) = %

Results:
(1) B(m,n) = r(m) I'(n) / I(m+ n)
(2) B(m,n) =B(n,m)

(3) of™ sin®™x . cos®x dx = r(m) r'(n) / 2r(m+n) ; m>0 & n>0

(4) of” x¥ [ (1+x) .dx = rq) r(d-q) = I/sin(qm) ; 0<g<1l

Examples:

Example(1)

Evaluate of*x* (1—x)3dx

Solution

P Xt (LX) dx = X (1-x) “Hdx

= B(5,4) = I'(5) T(4) / T(9) =41.3!/8! =31/(8.7.6.5) = 1/ (8.7.5) = 1/280

Exercise

Evaluate of*x* (1—x)°dx




Example(2)
Evaluate | = oft [ 1/ 3@ -x)] ]dx

Solution
| = Ofl X-2/3 (l_x)-1/3 dX — Ofl X1/3-1 (1_X)2/3-1dx

= B(1/3,2/3) = T(1/3) T(2/3) / T(1)
T(1/3) T(2/3) = T(1/3) T(1- 1/3) =n/sin(m/3) = n/(3/2) =21/ 3

Exercise

Evaluate | = of* [ 1/ V3@ -x)] ]dx
Example(3)

Evaluate | = o/t +/x . (1-x) dx
Solution

| = oft x¥? @-x)dx = of* x¥*?t (1-x)?tdx

= B(3/2,2) = T(32) T(2) | [(7/2)

I(3/2) = % yn

I(5/2) = TR2+1) = (32) T(G32) =(3/2). % yx =3vn /4
T(7/2) = TG2+1) = (5/2) T(G2) =(5/2). Gy /4)=15x /8
Thus,

| = (%+vr).1/ (15+n /8) =4/15




Exercise

Evaluate | = o/t +x° . (1-x) dx

I1. Using Gamma Function to Evaluate Integrals

Example(1)
Evaluate: 1= of” x° e *dx
Solution:

Letting y = 2x, we get

| = (1/128)of” y° e Y dy = (/128) T'(7)=(1/128) 6! =45/8

Example(2)
Evaluate: 1= of ” vx e *dx
Solution:

Letting y =x° , we get

| = W3)o” y ¥ e¥Ydy=(/3) T@2) =va/3




Example(3)

Evaluate: 1= of” x™ e " dx
Solution:

Letting y =k x" , we get

| = [1/(n. k™D f y D=1 e Y gy =1/(n. k™D ] rm+1)n]

I1. Using Beta Function to Evaluate Integrals

Formulas

(l) Ofl Xm-l (l_X)n-l dx = B(m,n)= F(m) F(n) / 2F(m+ n) ; m>0&n>0
(3) of™ sin®™x . cos®x dx = (2)B(m,n) ; m>0 & n>0

(4) of” x% / (1+x) .dx = I'(q) T(1-q) = II/sin(gm) ; 0<qg<1

Using Formula (1)



Example(1)
Evaluate: 1= of % x* /v(2—x) .dx
Solution:

Letting x =2y, we get

| = 8V2) ot y2 (1—y) ™ dy= (8/v2).B(3,1/2) =642 /15
Example(2)

Evaluate: 1= of* x* v (@*—x?) .dx

Solution:

Letting x* =a° y, we get

1= @72/ y¥ 1-y)? dy= @ /2). BG2,32)=a° 132

Exercise

Evaluate: 1= of2x v (8—x) .dx
Hint

Lett x° =8y

Answer

1= (8/3)oJt y® (1-y)™ .dy=(8/3)B(2/3,4/3)=1671/(9+3)

Using Formula (3)




Example(3)
Evaluate: 1= of” dx / (1+x*)
Solution:

Letting x' = y , we get

| = W)y dy / 1+y)=@/4. T@WH).TQ

= (1/4).[n/sin(Y%.n)]=nv2 /4

- 14)

Using Formula (2)

Example(4)

a. Evaluate: 1= oJ™ sin® . cos ?x dx

/2

b. Evaluate: 1= o™ sin* . cos°x dx

Solution:

a. Notice that: 2m-1=3 - m=2 & 2n-1=2 - m=3/2

| = (1/2) B(2,3/2)=8/15

b.1 = (1/2) B(5/2,3)=8/315

Example(5)
a. Evaluate: 1= of™ sin® dx

b. Evaluate: 1= of ™ cos®x dx

Solution:

a. Notice that; 2m-1=6 - m=72 & 2n-1=0 - m=1/2




| = (1/2) B(7/2,1/2)=5r/32

b.l = (1/2) B(1/2,7/2)=5n/32

Example(6)

a. Evaluate: 1= o™ cos*x dx

b. Evaluate: 1= of > sin® dx

Solution:

a. 1= of™ cos’x = 2 of™ cos’x =2 (1/2) B (1/2,5/2)=3n/8

b.l = 1= of ™ sin®x = 4 oJ™ sin®x =4 (1/2) B (9/2, 1/2)=35n/ 64

Details

Example(1)

Evaluate: 1= of” x° e ®dx

X =yl2

x® =y°/64

dx = (1/2)dy

x®e®dx = y®iea eV . (1/2)dy

Example(2)

1= of” Yx e dx x=y"®

\/X: y1/6
dx=(1/3)y*? dy




Vx e Pdx =y*e Y. (113)y* dy

Example(3)

Evaluate: 1= of” x™ e **"dx
y =k x"

X = ylln/ kl/n

X" =y
dx = (1/n) yW D7 kU dy

X" e X = (Y K™y e Y (Wn) y®D K dy
m/n + 1/n — 1=(m+1)/n - 1

-m/n — 1/n=-(m+1)/n

| = [1/(n . k(m+1)/n)] Ofoo y [(m+1)/n—1] e -y dy

m/n / km/n

1. Example(1)

Example(1)

1= of? X* I¥@2-x) .dx
X =2y
dx=2dy
X2 =4y

V@-x) =v@-2y) =v2 V(i-y)

X2 IN@R=x) .dx = 4y* 1 v2 V(@d-y) 2dy

y=0 when x=0
y=1 when x=2

Example(2)

Evaluate: 1= of% x* v (@ —x*) .dx

10




x> =a’y, we get
4_ .4 2
X'=a'y

_: 1/2
X=ay
dx= (1/2)ay 2 dy

V(@ -x) =v@-ay) =a(l-y)"
x* v@-x*) .dx= a'v* a(l-y)* @2ayMdy

y=0 when x=0
y=1 when x=a

Example(3)
1= of” dx / (1+x*)
X4 =Yy

_.1/4

X=y

dy= (1/4) y¥"* dy

dx / (1+x*) = /ey dy / (1+y)

Proofs of formulas (2) & (3)

Formula (2)

We have,
B(mn)= oft x™ (1-x)"dx

Let x = sin’y
Then dy = 2 sinx cox dx

&
x™ (1-x)""dx =(siny)™ (cos?y)™ (dy /2sinx cox )

= 2sin ™™y . cos ™'y dy

11




When x=0, we have y =0
When x=1, we hae y =mn/2

Thus,
I - 2 Ofn/z Sin 2m-1y . COS 2n-1y dy

| = of ™ sin®™'y . cos ™'y dy = B(m,n)/2

Formula (3)
We have,
1=of x %/ (1+x) dx

Let
y= X/ (1+x)

Hence,x = y/1-y
y1+x =1 +(y/l1ly) = 1/(1-y)

& dx =-[(1-y)-y(-1)] / (1-y)* .dy= 1/(ly)’ .dy

whnx=0, wehavey=0
when x—o0, we have y = lim o X/ (1+x) =1

Thus,

1= o7 [x% 1 @) 1dx= o[ (y/1y) ™ 1 (U@Ay))] . 172y

oJT Ly Iy ] dy

B(q, 1-0) =TI(g) r(-q)

. dy

Proving that r(1/2)=+n

[(1/2) = of” x¥! e™dx =of” x e ™dx

12




Lety =X " x :y2‘ dx =2y dy

I'(1/2) = |im fOBy’l e -y"2 2ydy

B —o®

B
=20im [, e-y"2 dy

B >

=2(VYn /2) = n

13




